Abstract: We study spin 1/2 isoscalar and isovector candidates in both parity channels for the recently discovered Θ + (1540) pentaquark particle in quenched lattice QCD. Our conservative analysis takes into account all possible uncertainties, such as statistical, finite size and quenching errors when performing the chiral and continuum extrapolations. The lowest mass that we find in the I P = 0 + channel is in complete agreement with the experimental value of the Θ + mass. On the other hand, the lowest mass state in the opposite parity I P = 0 − channel is much higher. Thus based on our numerical experiment the negative parity is on the 5.5σ level ruled out prior to accerelator experiments.
Introduction
The possible existence of exotic hadrons has long been put forward in several contexts, but the experimental discovery of the first such particle had to wait until early this year [1] - [4] . For a long time exotic hadron states containing more than three quarks were not considered to be of great importance on account of their presumed large decay widths. (For a recent discussion of this issue see e.g. [5] .) The experimental discovery of the Θ + (1540) particle changed this situation dramatically. Indeed, the tightest experimental upper bound so far on the width of the Θ + is around 10 MeV [4] , and based on the reanalysis of older experimental data, more stringent constraints on the width are also suggested [6] . This remarkably narrow width would explain why the Θ + has not been seen before. Since the Θ + decays into a neutron and K + , its strangeness has to be +1, the third component of its isospin is 0, and its minimal quark content is dduus. From the lack of a signal in the I 3 = 1 channel the SAPHIR collaboration concluded that the Θ + should be an isospin singlet state [3] . Its spin and parity cannot be unambiguously pinned down based on currently available experimental data.
The experimental discovery of the Θ + pentaquark triggered a flurry of theoretical speculations [7] about its possible structure, yet unmeasured quantum numbers and on the possibility of the existence of other exotic hadrons. On the one hand, chiral soliton models [8] , as well as correlated quark models [9, 10, 11] suggest that the Θ + should be a spin 1/2 positive parity isosinglet state. An attractive possibility for the flavour structure of the Θ + is that it might have a diquark-diquark-antiquark composition [9, 10] . On the other hand, uncorrelated quark models predict negative parity, and QCD sum rules also favour negative parity [12] .
In the present work we use lattice QCD to study the properties of some pentaquark states that are likely candidates to be identified with the Θ + . This is the only available tool to extract low energy hadronic properties starting from first principles, i.e. QCD. In our exploratory study we choose to work in the quenched approximation, which is known to be successful in reproducing mass ratios of stable hadrons [13] - [16] .
Working at three different values of the lattice spacing, a = 0.17, 0.12 and 0.09 fm enables us to do a continuum extrapolation. Since using light enough quarks that reproduce the physical pion mass would be prohibitively costly, for each lattice spacing we simulate at four different, somewhat larger pion masses and extrapolate to the physical limit. This is done in two different ways, by keeping the s-quark mass fixed to reproduce the physical kaon mass in the chiral limit and also by changing the s-quark mass in a way to keep the nucleon to kaon mass ratio fixed as the light quark mass is varied. In order to have finite size effects under control we always keep the linear physical size of the spatial box fixed at L ≈ 2 fm. In addition, on the coarsest lattice, we also perform a finite volume analysis by considering a bigger volume.
Since the exact structure of the Θ + is yet unknown, there are quite a few different possibilities to construct a baryon with the given quark content dduus. In our computation we use two particular spin 1/2 operators, one with isospin I = 0 and and another with I = 1. The analysis is carried out in both parity channels.
The main result of the present work is that the lowest mass that we find in the I P = 0 + channel is in complete agreement with the experimental value of the Θ + mass. On the other hand, the lowest mass in the opposite parity I P = 0 − channel turns out to be much larger, thus we can rule out negative parity on the 5.5σ level.
The lightest state in the I = 1 channel also has positive parity and comes out to be about 15% heavier, but still within one σ of the Θ + mass. The SAPHIR Collaboration, however, have already ruled out the Θ + to be a member of an I > 0 multiplet [3] , therefore the triplet state that we found might be a genuinely new state not seen before, albeit with a potentially much larger width than that of the Θ + . The rest of the paper is organized as follows. In Section 2 we present the details of our simulations and our data analysis. In Section 3 we summarize our results and conclusions. Those who are not interested in lattice technicalities can directly skip to Section 3.
Simulation details and data analysis
In this section we discuss some technical details of our lattice simulations. We use the Wilson gauge action and the Wilson fermion action. The only "non-standard" piece of the calculation is the choice of the pentaquark operator. Since there is general agreement in the literature that the Θ + is very likely to have spin 1/2, we restricted ourselves to this choice. Nevertheless, it will be interesting to look at higher spin states too. After fixing the quark content of the particle to be dduus and its spin to 1/2, there is still considerable freedom in choosing the interpolating operator.
Even though the Θ + is experimentally suggested to be an isosinglet, we computed correlators both in the I = 0 and I = 1 channels using the interpolating fields
Here C is the charge conjugation operator, only colour indices are explicitly written out and the I = 0 case corresponds to the plus sign. There are many more possibilities even in the I=0,1 channels. In principle testing other interpolating operators and checking which one has the best overlap with the Θ + state should provide information on the wave function of the particle. In this exploratory study, however, we do not pursue this direction any further.
We did not study the I = 2 channel either, mainly because it seems to be computationally more expensive. At first sight this is hard to understand since normally in lattice simulations one is used to quark propagator computations being the most expensive part. Given the propagators, calculating the different contractions entering hadron correlators takes only a tiny fraction of the time. With these more complicated pentaquark hadrons, however, that is no longer the case. Already in the I = 0, 1 channels the time for computing the contractions is of the same order of magnitude as the fermion matrix inversion. The reason for that is mainly that the number of terms occurring in the colour and Dirac index sums grows exponentially with the number of constituent particles.
The and a nucleon even in the quenched approximation. The experimentally very narrow pentaquark state is just slightly above the n + K threshold, thus one expects that the Θ + is visible in correlators of our well localised operators. Note that in principle scattering states can appear in the spectrum, though they have a characteristic volume dependence. (This volume dependence can be used to calculate decay rates c.f. [17] ). On the coarsest lattice we searched for any possible volume dependence of the Θ + by considering three different spatial lattice sizes, L = 1.7, 2.0 and 2.7 fm. We did not see any volume dependence for the masses of the pentaquark states. Thus, in particular, we exclude the possibility that one of the scattering states might have been accidentally lifted to the Θ + mass by the finite volume of the box.
Given our choice of interpolating operators for the pentaquark, we now discuss other details of the simulations. We generated five different ensembles of quenched gauge field configurations with the Wilson plaquette action. The parameters of our gauge ensembles are summarized in Table 1 . Ensembles with three different values of the coupling were chosen to have roughly the same spatial volume in order to avoid any finite size contamination. As we mentioned, in order to check any possible finite size corrections, we also included a smaller and a larger volume ensemble at β = 5.70.
The last ingredients of our computation are the choice of quark masses and the way we fix the two independent parameters, the lattice spacing and the s-quark mass. Due to the extensive literature on quenched spectroscopy one can safely plan the necessary parameter sets in order to carry out acceptable chiral and continuum extrapolations. In quenched QCD there is a small inherent ambiguity in how those parameters can be fixed. Given the fact that the Θ + is intimately connected to the kaon, it seems reasonable to use the physical mass of the kaon to set the s-quark mass. Since the nucleon is also strongly related to the Θ + we adopted two different schemes in approaching the chiral limit. In both cases the light quarks were taken degenerate. In scheme (A) we kept the s-quark mass fixed to reproduce the physical kaon mass in the chiral limit. In scheme (B) we changed the mass of the s-quark along with that of the light quarks so as to keep the nucleon to kaon mass ratio constant.
One of the main questions we set out to address in the present study is to determine the parity of the Θ + particle. Simple baryon interpolating operators in general are expected to couple to states of both parities and result in correlators of the form [18, 19] 
2) where T is the size of the lattice in the time direction, b = ±1 corresponds to periodic/antiperiodic boundary conditions in the time direction, and m ± are the masses of the ± parity states. To be able to project out the two parities separately, we always computed both components of the correlators, i.e. the one proportional to 1 and γ 0 . In addition, at one quark mass on each ensemble we also computed the correlators with antiperiodic boundary condition, which enabled us to determine the two parity partners in another way.
We performed two-parameter correlated fits to the 1 and γ 0 components of the B 0Bt pentaquark correlators with the standard cosh and sinh form respectively, assuming that at large enough separation the lightest state dominates the correlators. Since our data sample was rather limited we followed Ref. [20] and used correlated fitting with smeared smallest eigenvalues of the correlation matrix. We could always find fit ranges with acceptable χ 2 ≈ 1 accompanied by a plateau in the effective and in the fitted masses. The fits to the 1 and γ 0 components always gave compatible results. The interpolating operators, however, could be better chosen, since the mass plateaus were reached at relatively large time separations compared to e.g. the nucleon correlator. In Fig. 1 we show a typical set of fits in the I = 0 channel. Since one of our most important goals is to determine the parity, let us discuss this issue in some detail. The interpolating operators we used are expected to couple to states of both parities in the given channel. In order to determine the parity of the lowest state as well as the mass of its heavier parity partner we performed single exponential fits to both the 1 + γ 0 and the 1 − γ 0 components of the correlators. As can be seen from Eq. (2.2) these projections should fall off with two different exponents for 0 ≤ t ≪ T /2 and for T /2 ≪ t < T , corresponding to the two different parity states. As expected, we could always confirm that one of the exponents was compatible with our previously found lowest mass obtained by the cosh and sinh fits to the 1 and γ 0 components, respectively. Both for the I = 0 and the I = 1 channels, the positive parity state turned out to be the lighter one of the two parities.
The above correlators were calculated with periodic quark boundary conditions. An independent method to determine the parity is based on the combination of the correlation functions obtained with periodic and antiperiodic boundary conditions. We carried out this analysis at each lattice spacings for the heaviest quark masses. As can be seen from Eq. (2.2), the sum (difference) of the 1 component of the periodic and the γ 0 component of the antiperiodic correlator projects onto the positive (negative) parity state, respectively. Single mass fits to these combinations yielded masses in complete agreement with our mass and parity determinations using periodic boundary conditions.
A consistent picture emerged for the parity of the pentaquark states at all lattice spacings and quark masses. The negative parity mass was always by many standard deviations above the positive parity mass. This result was obtained from both boundary conditions combining the 1 and γ 0 channels and also from combining different boundary conditions. Thus, we conclude that both for the I = 0 and the I = 1 channels, the positive parity state was determined to be the lighter one of the two parities.
The masses in the I P = 0 ± , 1 ± channels were then extrapolated to the chiral limit. As we already mentioned, for the chiral extrapolations we used two different sets of quark masses and correspondingly two different methods.
(A) We set the scale by the Sommer parameter r 0 = 0.5 fm and we held the s quark mass fixed to reproduce the physical kaon mass m K = 494 MeV. This approach resulted in strange hopping parameters of κ s =0.1621,0.1574 and 0.1544 for β=5.70,5.85 and 6.00, respectively. At all three lattice spacings four different light quark masses were used in order to extrapolate into the chiral limit.
(B) A somewhat different method to approach the chiral and continuum limit can be imagined as follows. For all the three lattice spacings we used four sets of strange and light hopping parameters. The light quark masses were used to extrapolate into the chiral limit, whereas we chose the strange quark mass to reproduce the experimental nucleon to kaon mass ratio.
We followed both methods all the way through, first performing the chiral extrapolation at fixed β then carrying out the continuum extrapolation. The two methods (A and B) should give identical final results, though the difficulties connected with the chiral and continuum extrapolations might be quite different. Luckily enough, the extrapolations for the relevant mass ratios were equally easy for both techniques.
The obtained results are in complete agreement. Since we used the same gauge configuration ensemble for the two methods, the results are strongly correlated and cannot be combined. In what follows, we focus on the somewhat more conventional method (A). The chiral extrapolations for hadron masses can be performed with the fit functions m
The difference between the two extrapolations gives some information about systematic uncertainties in the extrapolated quantities. Note, however, that our quark masses are quite small and we have only four different quark masses at each β. Thus with our statistics the quadratic fit turned out to be appropriate. Comparing our spectrum with similar results in the literature (c.f. [14] ) we concluded that the uncertainties due to the chiral logarithms in the physical limit were subdominant at our present statistics. A typical chiral extrapolation for the kaon, the nucleon and the positive parity I = 0, 1 pentaquark states is shown in Fig. 2 . Note, that our chirally extrapolated masses are merely illustrations. Since quenched spectroscopy is quite reliable for mass ratios of stable particles, it is physically motivated to extrapolate mass ratios instead of masses (or equivalently one might use the squared ratios suggested by the above mass fit formula). As we will see the quark mass dependence of these ratios can be weaker than that of the individual hadron masses.
The pentaquark states have the same quark content as the nucleon and the kaon. Therefore, a particularly attractive dimensionless quantity to look at is the mass ratio of a pentaquark state to the nucleon plus kaon mass. We also did chiral extrapolations of this mass ratio squared, and an example of that for both isospins and parities is shown in Fig. 3 .
Finally, we performed a continuum extrapolation for the chirally extrapolated quantities. In Fig. 4 we demonstrate the continuum extrapolation of the pentaquark to nucleon plus kaon mass ratio for all the four pentaquark states. Since in general the Wilson action is known to have O(a) discretization errors, we extrapolated linearly to a → 0. The mass ratios at hand show remarkably small scaling violations.
Results and conclusions
Before we present our final results we discuss how we handled the possible sources of errors. In lattice QCD there are five typical sources of uncertainties: i. statistical; ii. finite size, iii. quark mass, iv. finite lattice spacing and v. quenching errors. We had all of these five error sources under control in our analysis. Since the mass splitting between the positive and negative parity states is much larger than the above uncertainties, our statement on the parity is absolutely robust. ad i. Statistical uncertainties are well understood and they were included by standard techniques. These techniques need uncorrelated configurations, which we ensured by separating the analyzed configurations by as much as 1000 sweeps. Statistical errors were always estimated using a full jackknife analysis. The statistical uncertainties of our pentaquark masses are typically on the few percent level. ad ii. Finite size effects in our quenched analysis turned out to be negligible. Our spatial box size was around 2 fm. In order to look for finite size corrections we also performed calculations with our coarsest lattice spacing using a larger box size of 2.7 fm. With our statistical uncertainties of order a few percent we could not find any size dependence in the hadron masses. ad iii. Quark masses in lattice spectroscopy are usually treated differently in the strange and in the light (up or down) sectors. It is straightforward to take the physical strange quark mass. Due to computational/technical difficulties most of the analyses use extrapolations from light quark masses, which are larger than the physical one. We also applied this method. We included all the extrapolation errors into our analysis. ad iv. Finite lattice spacing is an inherent source of uncertainty in any lattice analysis. We used the standard approach. We performed our calculations at three different lattice spacings and extrapolated to the continuum limit. Luckily enough, the mass ratios m 5q /(m N + m K ) have a rather weak dependence on the lattice spacing (c.f. Fig. 4) . Nevertheless, the quite large, order 10% errors on the finally quoted values are mostly due to the chiral and the continuum extrapolation. ad. v. We used quenched gauge configurations, which is another source of systematic errors. Note, however, that in the case of stable hadrons, this is not expected to be very important. Indeed, as can be seen from Refs. [13] with an appropriate definition of the scale, the mass ratios of stable hadrons are described correctly by the quenched approximation on the 1-2% level. We included a conservative estimate of 3% quenching uncertainty in our analysis.
Given the fact that in the m 0 + /(m K + m N ) mass ratio we do not observe any scaling violations, we could also quote the value of this quantity on our finest lattice, which has the smallest error. This would give m 0 + m K + m N = 1.073(34), (3.1) or using the physical kaon and nucleon mass
Note, that the continuum extrapolation increases the error on the mass ratio, and consequently on the mass, by a factor of 3. Our final result after continuum extrapolation is shown in Fig. 5 . Of the four I P channels, the closest in mass to the experimentally observed Θ + is the 0 + state. The 1 + state can be seen to be about 15% heavier, but still within one standard deviation of the Θ + mass. This state, however, which is a member of an isospin triplet, is not the Θ + , since the latter is experimentally known to be an isospin singlet [3] . The parity partner of the 0 + state is almost two times heavier and lies 5.5σ's above the experimentally observed mass of the Θ + . This safely rules out the 0 − as a candidate for the Θ + and suggests that the 0 + state should be identified with the Θ + . Obviously in this exploratory study we could not perform a high statistics analysis. Quenching effects are quite small, nevertheless, it would be advisable to carry out the calculations with unquenched configurations. (Clearly, these additional studies could not change the validity of our conclusion regarding the parity.) We did not make a systematic study of the possible interpolating operators that are likely to have a good overlap with the Θ + , either. This study would be also important. Comparing different spatial and flavour trial wave functions is practically the only way to obtain more information about the flavour structure of the Θ + wave function and decide among the several possibilities that have already been put forward in the recent literature (e.g. one could analyze the suggested diquark-diquark-antiquark picture [9] ). Furthermore, one expects additional exotic pentaquark hadrons with different spin, isospin and strangeness quantum numbers. Lattice QCD might be useful to test these light exotic particle cascades numerically.
In conclusion, we studied spin 1/2 isoscalar and isovector candidates in both parity channels for the recently discovered Θ + (1540) pentaquark particle in quenched lattice QCD. Our conservative analysis took into account all possible uncertainties. The lowest mass that we find in the I P = 0 + channel is in complete agreement with the experimental value of the Θ + mass. On the other hand, the lowest mass state in the opposite parity I P = 0 − channel is much higher. Thus, prior to accelerator experiments, the negative parity is ruled out on the 5.5σ level. Since the I = 1 channel has already been excluded by experiment as a candidate for the Θ + [3] , this leaves only the I P = 0 + state to be identified with the Θ + . 
